Abstract. If D (V, A) is a digraph, its p-competition graph for p a positive integer has vertex set V and an edge between x and y if and only if there are distinct vertices a, , a n in D with (x, a and (y, a) arcs of D for each 1, , p. This notion generalizes the notion of ordinary competition graph, which has been widely studied and is the special case where p 1. Results about the case where p 2 are obtained. In particular, the paper addresses the question of which complete bipartite graphs are 2-competition graphs. This problem is formulated as the following combinatorial problem: Given disjoint sets A and B such that A tO BI n, when can one find n subsets of A tO B so that every a in A and b in B are together contained in at least two of the subsets and so that the intersection of every pair of subsets contains at most one element from A and at most one element from B?
1. Introduction. Suppose that D (F, .4) is a digraph, loops allowed. (For all undefined graph theory terminology, see ], 9 ].) Ifp is a positive integer, the p-competition graph corresponding to D, Cp(D), is defined to have vertex set F and to have an edge between x and y in F if and only if, for some distinct al, ap in F, (x, al) , (y, a ), (x, a2), (y, a2), (x, ap), (y, a) are in. 4 . This concept was introduced in [5] as a generalization of the special case where p 1, which has been studied by many authors. 3 The 1-competition graphs were motivated by a problem in ecology and have applications to a variety of fields, as summarized in [8] . The p-competition graphs have a similar motivation and similar applications to other fields. The ecological motivation is as follows:
The vertices of D are considered species in an ecosystem, and there is an arc from species x to species a if x preys on a. Then x and y are joined by an edge in the p-competition graph if and only if they have at least p common prey. The literature of 1-competition graphs, otherwise known as competition graphs, is summarized in [4] , [6] , and [8] . In this paper, we study the special case where p 2.
It is easy to reduce the study of p-competition graphs to a combinatorial problem that itself is of interest. Suppose that G is a graph and that F { S, Sr is a family of subsets of the vertex set of G, repetitions allowed. We say that F is a p-edge clique covering, or p-ECC, if, for every set of p distinct subscripts l, i2, ip, T Si t3 Si2 t 3 Sip is either empty or induces a clique of G, and the collection of sets of the form T covers all edges of G. Let 0(G) be the smallest r for which there is a p-ECC F. (A 1-ECC is an ordinary edge clique coveting. Edge clique coverings have played a central role in the theory of competition graphs; cf. [10 ] .) THEOREM (see [5] ). A graph G with n vertices is a p-competition graph if and only if OPec(G) <-n. Proof. Suppose that G Cp(D), where D (V, A), and let V(G) v l, vn ).
For each i, let Si { vj: (vj, vi A ). It is easy to verify that the family of S; is a p-ECC.
Conversely, suppose that G and a p-ECC F $1,'", Mr), r <= n, are given. Now define D (V, A) on V V(G) by letting (v, We next note that since each b is in at least v sets S, we have that
Note that no pair of elements from B is together in more than one set S, and so _. 2 2 Using the Cauchy-Schwartz inequality and (4), we 
Since no S is empty, = Sl >--t. Then, by (5) and (3), i.e., for (8) Note that (9) m( 2x+2, x-2x-1).
m> 2x+2--m-2> 2x
x < 1/2(m 2) 2. Since Km,x is not a 2-competition graph for m in the interval given in (8) , it follows from (9) and (10) that Km,x is not a 2-competition graph for x e (2 + m + /1 + 2(m + 1), 1/2(m 2)2).
[--1 Independently, Jacobson [3] obtained results that can be stated as follows.
THEOIEM 6 (see [3] ). For Proof. (a) Jacobson proves that Km,x is not a 2-competition graph for sufficiently large x. c > 2 /-J, and m cx, i.e., for sufficiently large m and x < m/(2 f)
(b) Let a(t) be the smallest prime power that is at least as large as t. Since 2 < _-< 2 r+l for some r, a(t) =< 2t. Jacobson proves that 0P _-< mp(a(x)) whenever Continuing with the above notation, suppose that Kz,x is a 2-competition graph and that r 2 + x. Let S; be any set containing a and b, if there is such a set (there can be at most one), and let it be any set containing a otherwise. Let To see that we have defined a 2-ECC when x > 9, let us first observe that, for all y =< x, a and ay appear in common in at least two of the sets, and b and ay appear in common in at least two of the sets. This is because, if x is even, a and ax appear in common in K/2-4 and Kc/2+ 1, and b and ax appear in common in L/2-1 and LZ is a subset of LZ/ and RZ is a subset of RZ/ Note also that a and b appear in common only in Rx. Thus it suffices to show that, if y < z _ x, then ay and az appear in common in at most one set of Ex. We prove this by induction on x. It is true for x 9. Assume that it is true for x' < x. Suppose that y < z. If z < x, then it is true for x, because, in going from E x-to Ex, neither ay nor az is added to any set, and the inductive hypothesis can be applied. Thus it suces to show this for z x.
We first assume that x is odd, x 11. Note that ax appears only in Rx, Kx+ 1)/2, and Lx+ /2, and ay is not in the last ofthese sets. Also, ifay is in Rx, then, by obseation (ii), y is odd. However, since x is odd and x is even and geater than or equal to 10, Kx+ )/2 K)/2 { a} K;)/2 + { ax} { a,ax-,ax}.
Since y is odd and y < x, we have that y x 1.
Next, suppose that x is even, x 10. Here ax appears in only four sets. The case where x 10 is a special case. In this case,
Lx/2=Lx;2 U{ax}=LU{ao}={b,a6,a9,ao},
Kx/z+,={a,ax}={a,a,o}.
Thus, clearly, if y < 10, ar appears in at most one of these sets.
The case where x 12 is also a special case. In this case, L/2-L' U { a2 } LU { a2 } { b,a6,ag,ao,a2 }, Lx/=L,X U{a2}={b,a,,a},
U{a}=KU{a,}={a,a3,a4,a,2},
Thus, if y < 12, ay appears in at most one of these sets.
Finally, suppose that x is even and x 14. Then
Lx-)/U { ax-2 } { ax} ={b,ax-3,a-z,ax}, which holds, since x-3 11. Also, Proof. Let K3,3 have one independent set { a, b, c } and a second independent set { x, y, z }. If K3,3 is a 2-competition graph, then, by the corollary to Theorem 1, there is a 2-ECC $1, $6. We first show that each vertex of K3,3 is contained in exactly three of the sets Sj. Now a and x are in two sets together. However, y can be in at most one of these sets, since x and y are nonadjacent. Thus a and y must be in a third set. Hence a is in at least three sets. Similarly, each vertex must be contained in at least three S/s. Suppose that a vertex, say a, is contained in more than three S's, say $1, $2, $3, $4.
Since b is in at least three sets, b is in one of $1, $2, $3, $4, and it cannot be in more than one of these sets, since a and b are in at most one Sj. together. Thus b is in $5 and $6. Similarly, c is in $5 and $6. This, however, is impossible.
Let us suppose that a is contained in $1, $2, $3 only. If b is in none of these sets, then b is in all three of $4, $5, $6. However, c must either be in at least two of $1, $2, $3 or in at least two of $4, $5, $6. In either case, there is a contradiction, since either a and c or b and c are in two sets together. Thus we may assume that b is in one of these sets, say $1. Then b cannot be in $2 or $3. Since b is in three sets, we may assume that it is also in $4 and $5. Similarly, c is in one of $1, $2, $3 and two of $4, $5, $6. Since b is in two of the latter, b and c will overlap in one of the latter, and hence c cannot be in $1. Thus, without loss of generality, we have c in $2, $4, $6. Then x must be in two sets with a, two with b, and two with c, and the only possibility is for x to be in $1, $2, $4. The same argument, however, puts y in $1, $2, $4. Then x and y are in two sets together, which is a contradiction. [2] In the following lemma, we use the notation u defined in the remark after Lemma THEOREM 16 (see 3 ). Kx,x is not a 2-competition graph for x >= 4. 6. Closing remarks. The results in this paper leave some natural questions unresolved. For instance, the proof of Theorem 9 shows that if KE,x is a 2-cornpetition graph and x > l, then KE,x+ is a 2-competition graph. We have not been able to settle whether, for x >_-m > 2, Km,x being a 2-competition graph implies that Km, / is a 2-competition graph. While we have determined exactly for what values of x K2, is a 2-competition graph, the problem for K3,x remains open. In particular, small values of x such as x 6 remain unresolved, as does the question of whether K3, can be a 2-competition graph for any < x < 38. For the case of K4,, which we have not discussed in this paper, 3 shows that K4,x is a 2-competition graph for x >_-124 and that K4, is not a 2-competition graph for x 4, 10. However, nothing else is known here.
